Abstract. The orbital varieties are the irreducible components of the intersection between a nilpotent orbit and a Borel subalgebra of the Lie algebra of a reductive group. There is a geometric correspondence between orbital varieties and irreducible components of Springer fibers. In type A, a construction due to Richardson implies that every nilpotent orbit contains at least one smooth orbital variety and every Springer fiber contains at least one smooth component. In this paper, we show that this property is also true for the other classical cases. Our proof uses the interpretation of Springer fibers as varieties of isotropic flags and van Leeuwen's parametrization of their components in terms of domino tableaux. In the exceptional cases, smooth orbital varieties do not arise in every nilpotent orbit, as already noted by Spaltenstein. We however give a (non-exhaustive) list of nilpotent orbits which have this property. Our treatment of exceptional cases relies on an induction procedure for orbital varieties, similar to the induction procedure for nilpotent orbits.
1. Introduction 1.1. Springer fibers, and a question. Let G be a connected reductive algebraic group over K (an algebraically closed field of characteristic zero), of Lie algebra g. The flag variety of G is defined by B = G/B, where B ⊂ G is a Borel subgroup. It can also be viewed as the set of Borel subalgebras b ⊂ g.
For every nilpotent element x ∈ g, we define B x = {b ∈ B : x ∈ b}.
Then B x is a projective subvariety of B. The varieties B x are called Springer fibers. Every variety B x is connected and equidimensional [16] . Its irreducible components may be singular [17, §II.11] and they have an intricate intersection pattern. The geometry of Springer fibers is a challenging topic of current interest in geometric representation theory (see, e.g., the survey paper [18] ).
Let us consider the following question:
(1) does every Springer fiber B x have a smooth irreducible component?
The answer to (1) is known to be positive in the case of G = SL n (K) [17, §II.5 ] (see also Section 3 below). For some particular nilpotent elements x ∈ sl n (K) we even have that all the components of B x are smooth [7] . When x runs over all the nilpotent classes of sl n (K), most of the components of the B x 's nevertheless appear to be singular [8, Appendix 2] .
The answer to (1) is negative in the case of exceptional groups, already in type G 2 [17, §II.11.4 ] (see also Proposition 2 below).
In this paper, we affirmatively answer question (1) in the case where G is one of the other classical groups SO n (K) and Sp 2n (K).
Our main result (stated in Theorem 1 below) is actually more precise. Before stating this result, we describe a parallel approach to question (1) in the following subsections 1.2-1.3.
1.2.
Orbital varieties, and another question. Let G × g → g, (g, x) → g · x denote the adjoint action. We fix a Borel subgroup B ⊂ G and denote by n the nilpotent radical of its Lie algebra. The set N := G · n is the nilpotent cone of g. It consists of finitely many adjoint (G-)orbits, called nilpotent orbits.
Any nilpotent orbit O x := G · x is a quasi-affine algebraic variety, hence so is the intersection O x ∩ n. The variety O x ∩ n is equidimensional of dimension 1 2 dim O x [16] . Its irreducible components are called orbital varieties. We ask: (2) is there a smooth orbital variety in every nilpotent orbit O x of g?
In the following subsection we stress that orbital varieties and Springer fiber components, as well as questions (1) and (2), are closely related.
1.3.
Relation between questions (1) and (2) . Note that the Borel subgroup B acts on the variety O x ∩ n. The group B is connected, hence every orbital variety of O x ∩ n is B-stable. Also the stabilizer Z G (x) := {g ∈ G : g · x = x} acts on the Springer fiber B x . The group Z G (x) is not connected in general, hence the finite group A x := Z G (x)/Z G (x) 0 acts by permuting the irreducible components of B x . Relying on the two smooth maps G → B = G/B and G → O x = G/Z G (x), we have [16, 8] : Proposition 1. Let x ∈ g be nilpotent. Then, there is a one-to-one correspondence X → Ξ(X) between the orbital varieties of O x ∩ n and the A x -orbits of irreducible components of B x . This correspondence satisfies the following properties:
(a) The orbital variety X is smooth if and only if the components C ∈ Ξ(X) are smooth and pairwise disjoint; (b) In particular if O x ∩ n contains a smooth orbital variety, then B x contains a smooth component; and if B x contains a smooth, Z G (x)-stable component, then O x ∩ n contains a smooth orbital variety.
By Proposition 1 (b) a positive answer to (2) yields a positive answer to (1).
Remark 1. The equivalence in Proposition 1 (a) cannot be improved: in Section 6 we point out an example of a singular orbital variety X in sp 6 (K) such that the corresponding Springer fiber components C ∈ Ξ(X) are smooth (but not pairwise disjoint).
1.4.
Main result in classical cases. In this paper we give an affirmative answer to (1) and (2) in the classical cases.
Theorem 1. Let G be one of the classical groups SL n (K), SO n (K), Sp 2n (K). Then: (a) Every nilpotent orbit O ⊂ g contains at least one smooth orbital variety.
(b) In fact, for every nilpotent element x ∈ g, the Springer fiber B x has at least one smooth, Z G (x)-stable irreducible component.
The proof is given in Section 5.3.
1.5.
Partial results in exceptional cases. We complete our main result by partially answering questions (1) and (2) in exceptional cases:
Proposition 2. Let G be a simple algebraic group and let O ⊂ g be a nilpotent orbit. Assume that one of the following conditions occurs.
(a) The proof is done in Section 2.
not rigid) and neither
1.6. Organization of the paper. The proof of Proposition 2 is based on the following inductive principle:
whenever O L is a nilpotent orbit of a Levi subgroup L ⊂ G which contains a smooth orbital variety, the induced nilpotent orbit Ind G L (O L ) contains a smooth orbital variety (shown in Section 2) and on the description of induced nilpotent orbits in exceptional simple Lie algebras given in [4] . In particular, the nilpotent orbits listed in Proposition 2 (b)-(e) being induced from nilpotent orbits of classical type, parts (b)-(e) of Proposition 2 are implied by Theorem 1 and the above inductive principle. The claims in Proposition 2 which concern type G 2 are shown in Section 2.3. Before that, in Section 2.1 we review the induction procedure for nilpotent orbits and in Section 2.2 we define a similar induction procedure for orbital varieties. The above inductive principle is obtained as a consequence of this construction (which can also be of independant interest).
Our approach to classical cases is different. In the situation of Theorem 1, the nilpotent elements x ∈ g are nilpotent endomorphisms of a standard representation V of G, and the Springer fibers B x can be viewed as varieties of x-stable complete flags (i.e., maximal chains of x-stable subspaces of V ). For G = SL n (K) (type A), this description of B x is explained in Section 3. In this case, Theorem 1 is a well-known fact, whose proof is also recalled in Section 3.
For G = SO n (K) or Sp 2n (K) (types B, C, D), the nilpotent endomorphism x is skew-adjoint with respect to a given orthogonal or symplectic form ω on V , and B x can be viewed as a variety of complete flags which are x-stable and isotropic, that is, fixed by the involution σ which maps a complete flag (V 0 , . . . , V n ) to the flag (V ⊥ n , . . . , V ⊥ 0 ) of orthogonal subspaces with respect to ω. In particular, B x corresponds to the subvariety of σ-fixed points of the type A Springer fiber attached to x and each irreducible component of B x lies in the fixed-point set of a component of the type A Springer fiber. These facts are explained in Section 4. In Section 4.4, we also recall the classification of the components of B x in terms of admissible domino tableaux, proved in [11] . The results in [11] also include a combinatorial description of the action of the stabilizer Z G (x) on the set of components of B x , which we need for the proof of Theorem 1.
The proof of Theorem 1 is given in Section 5. It is based on the construction of a suitable family of smooth components of type A Springer fibers, parameterized by well-chosen domino tableaux. The σ-fixed point set of each of these type A components contains a single Springer fiber component for the considered classical type (B, C, or D), whose smoothness is shown by invoking the following general fact:
Proposition 3 ( [5, 9] ). Let X be an algebraic variety over K. Let H be a linearly reductive group with algebraic action on X (for instance a finite group). If the variety X is smooth, then the fixed point set X H := {x ∈ X : ∀h ∈ H, h(x) = x} is also smooth.
Finally, in Section 6, we give an example of nilpotent element x ∈ sp 6 (K) such that all irreducible components of B x are smooth, but some orbital varieties of O x are singular. This fact, which underlines the subtle character of the correspondence between orbital varieties and Springer fiber components described in Proposition 1, is caused by the nontriviality of the action of
0 ) on the set of components of B x and by the complexity of the intersection pattern of these components.
Induction procedure
In this section, unless otherwise stated, G is a connected reductive group.
2.1. Review on induction of nilpotent orbits. Let P ⊂ G be a parabolic subgroup, with unipotent radical U P and a Levi factor L. Let p, n P , and l be the Lie algebras of P , U P , and L; thus p = l ⊕ n P .
The set O L + n P := {x + y : x ∈ O L , y ∈ n P } is an irreducible, locally closed subset of g consisting of nilpotent elements, so that there is a unique nilpotent
is P -stable and consists of a single P -orbit.
A nilpotent G-orbit is said to be induced if is of the form Ind G L (O L ) for some proper Levi factor L ⊂ G, and it is said to be rigid otherwise. We refer to [3] and [4] for an explicit description of induced/rigid orbits in the classical and exceptional cases.
2.2. Induction of orbital varieties. As in Section 1.2 we fix a Borel subgroup B ⊂ G and let n ⊂ g be the nilradical of its Lie algebra. We take P, L, U P and p, l, n P as in Section 2.1. Up to replacing P, L by conjugates we may assume all these data compatible in the sense that B ⊂ P , so that U P ⊂ B and n P ⊂ n,
where n L := n ∩ l is the nilradical of the Lie algebra of B L .
Proof. Since X L + n P ⊂ n, we know that X is a subset of O ∩ n. We first note that X is nonempty. Indeed, by definition of O,
where we use that dim
; moreover X is smooth whenever X L is smooth. For completing the proof of the proposition (i.e., for concluding that X is an orbital variety, that is, an irreducible component of O ∩ n), it remains to check that X is a closed subset of O ∩ n. To this end, it suffices to check that X is closed in O (since the inclusion X ⊂ O ∩ n is already known).
The fact that . Every Richardson nilpotent orbit therefore contains at least one smooth orbital variety. However, outside of the case of g = sl n (K), most of nilpotent orbits are not Richardson (see [3] or, e.g., [8, Appendix C] ). See however Remark 4.
2.3. Proof of Proposition 2. The proposition, except part (a) and the last sentence, follows from Proposition 5, Theorem 1, and the description of induced nilpotent orbits given in [4] .
The last statement of the proposition appears in [17, §II.11.4] without proof. For the sake of completeness we include here a proof of this statement.
Assume G simple of type G 2 . The Lie algebra g contains five nilpotent orbits of respective dimensions 0, 6, 8, 10, and 12. We focus on the nilpotent orbits O of type A 1 , which is the minimal nilpotent orbit of g, i.e., dim O = 6, and O of type A 1 , such that dim O = 8. The other two nontrivial nilpotent orbits are of Richardson type, hence they contain smooth orbital varieties. We need to show that O ∩ n is irreducible and singular and to construct a smooth orbital variety in O.
We fix a maximal torus T ⊂ B, denote by t its Lie algebra, and consider the corresponding root system Φ and root space decompositions g = t ⊕ γ∈Φ g γ and n = γ∈Φ + g γ where Φ
+ is a system of positive roots determined by two simple roots α (short) and β (long) by
We denote the positive roots by α 1 , . . . , α 6 in the order they appear in the above description of Φ + , and we set α −i = −α i . Let {λ α , λ β } ⊂ t be the dual basis of {α, β} ⊂ t * . The Lie algebra g has a basis {λ α , λ β , e γ (γ ∈ Φ)} such that
where ( γ, α , γ, β ) are the pairs of integers listed in the next table
and N γ,δ are the coefficients of the matrix N = N αi,αj i,j∈{−6,...,−1,1,...,6} given by
(see [2, 14] ). Consider an arbitrary element
x i e αi ∈ n.
The matrix C x of [x, ·] : g → g in the basis (e −α6 , . . . , e −α1 , λ α , λ β , e α1 , . . . , e α6 ) is
Since O is the unique nilpotent orbit of g of dimension 6, we obtain the characterization
Note that the form of the matrix C x easily implies rank C x = 6 ⇒ x 1 = 0, rank C x = 6 and x 2 = 0 ⇔ x 1 = x 2 = x 3 = x 4 = 0 and (x 5 , x 6 ) = (0, 0), and for x ∈ n such that x 1 = 0, x 2 = 0, by means of elementary operations on the matrix C x , we can see that
, and
It is easy to deduce that O ∩ n is irreducible and singular at every point x such that x 1 = . . . = x 5 = 0 and
, we conclude from Proposition 1 that the Springer fiber B x is also irreducible and singular. This shows the last statement in Proposition 2.
Let V := {x ∈ n : x 2 = 3x 2 4 + 4x 3 x 5 − 4x 1 x 6 = 0}, which is a 4-dimensional, irreducible, closed subvariety of n whose sole singular point is 0. For every x ∈ V we can see that rank C x ≤ 8 and rank C x = 8 ⇔ (x 1 , x 3 ) = (0, 0).
Therefore V is a smooth irreducible component of O ∩ n, i.e., a smooth orbital variety of O. This completes the proof of the proposition.
Remark 3. Assume in this remark that G is simple. Fix a root system Φ, a root space decomposition g = t⊕ γ∈Φ g γ , root vectors e γ ∈ g γ , and a set of simple roots Π ⊂ Φ, compatible with the choice of B and n. Then, letting O min be the minimal nilpotent orbit of g, it is shown in [1, §6.2] that the map γ → B · e γ ∩ O min is a one-to-one correspondence between the long roots γ ∈ Π and the orbital varieties of O min , i.e., the irreducible components of O min ∩ n. This general property yields the irreducibility of O min ∩ n when G is of type G 2 , which is retrieved in the above proof (where it is also shown that this intersection is singular). When G = Sp 2n (K) we similarly obtain that O min ∩ n is irreducible; however, this time, it is smooth (see Theorem 1).
Proof of Theorem 1 in the case
In the case of G = SL n (K), Theorem 1 is already well known (see [17] ), but we give here a proof for the sake of completeness. Part of the notation introduced in this section is also used in Sections 4-6.
Hereafter in this section we assume that G = SL n (K), so the flag variety B is naturally isomorphic to the variety Fl(V ) of complete flags of the space V = K n , i.e.,
Moreover a nilpotent element x ∈ sl n (K) is a nilpotent endomorphism of V , and the Springer fiber B x ⊂ B can be identified with the subvariety of x-stable complete flags, i.e., Fl
Since the group Z GL n (K) (x) is connected, its action on Fl x (V ) ∼ = B x stabilizes each irreducible component. It follows that every component of B x is Z SLn(K) (x)-stable. Thus, in view of Proposition 1, questions (1) and (2) are in fact equivalent in the case of SL n (K), and for proving Theorem 1, it suffices to show the existence of a smooth component of
Let λ(x) = (λ 1 , . . . , λ k ) be the list of the lengths of the Jordan blocks of x, written in nonincreasing order. Thus λ(x) is a partition of n. Let λ(x) * = (λ * 1 , . . . , λ * λ1 ) denote the dual partition of n, that is,
Many properties of the Springer fiber B x ∼ = Fl x (V ) can be described combinatorially in terms of the partition λ(x). For instance, Fl x (V ) is equidimensional of dimension
In addition, the irreducible components of Fl x (V ) can be parameterized by the standard Young tableaux of shape λ(x). We refer to [17, §II.5] or Section 4.1 below for more details. Note that the iterated kernels of x form a partial flag of V ,
We consider the subset K ⊂ Fl(V ) formed by complete flags which refine this partial flags, i.e., which include all the subspaces ker x j for j = 1, . . . , λ 1 , in other words:
Clearly K ⊂ Fl x (V ). Moreover K is closed, isomorphic to the multiple flag variety
hence irreducible, smooth, and of the same dimension as Fl x (V ). Therefore K is a smooth irreducible component of Fl x (V ). Since x ∈ sl n (K) (nilpotent) is arbitrary, this shows Theorem 1 in the case of SL n (K).
Remark 4. Another way of proving Theorem 1 in the case of SL n (K) is to note that, for every nilpotent element x ∈ sl n (K), its nilpotent orbit O x is of Richardson type, corresponding to the parabolic subgroup P formed by the elements g ∈ SL n (K) which fix the partial flag written in (4). Hence, in view of Remark 2, O x contains at least one smooth orbital variety.
Some preliminaries on classical cases
4.1. A parametrization of components of Fl x (V ) by Young tableaux. As in Section 3, let x ∈ sl n (K) be a nilpotent endomorphism of V = K n and let λ(x) = (λ 1 , . . . , λ k ) be the lengths of the Jordan blocks of x listed in nonincreasing order. The so-obtained partition λ = λ(x) ⊢ n can be viewed as a Young diagram, i.e., as the set of n empty boxes displayed along left-justified rows of lengths λ 1 , . . . , λ k . A standard Young tableau τ of shape λ is by definition a numbering of the boxes of λ from 1 to n such that the numbers increase from left to right along the rows and from top to bottom along the columns. Equivalently, τ can be viewed as a maximal chain of Young diagrams
where λ i (τ ) denotes the shape of the subtableau formed by the first i entries of τ . It is known (see [17] ) that the components of Fl x (V ) can be parameterized by the standard Young tableaux of shape λ(x). In fact there are several ways to realize this parametrization, and the way (described below) which is suitable for our purpose in this paper is somewhat different than the one in [17] .
Let
where x| V b /Va stands for the nilpotent endomorphism induced by x on the subquotient V b /V a and λ(x| V b /Va ) stands for its Jordan form, seen as a Young diagram.
, where the union is taken over all standard Young tableaux of shape λ(x). Moreover the subsets Fl x,τ (V ) are nonempty, locally closed, irreducible, smooth, all of the same dimension. Therefore, the closures Fl x,τ (V ) (for τ running over the set of standard Young tableaux of shape λ(x)) are exactly the irreducible components of Fl x (V ). 
This leads to several parametrizations of the components of Fl x (V ). The original parametrization given in [17] corresponds to the choice of the sequence (0, n − i) n i=0 . 4.2. Some components of Fl x (V ) associated to domino tableaux. As above, λ = λ(x) ⊢ n is the Jordan form of a nilpotent element x ∈ sl n (K). A (standard) domino tableau d of shape λ is by definition a numbering of the boxes of λ by the numbers 0, 1, . . . , ⌊ n 2 ⌋ such that • every i ∈ {1, . . . , ⌊ n 2 ⌋} appears exactly twice in the numbering while 0 appears at most once (i.e., 0 appears only if n is odd);
• the numbers are nondecreasing from left to right along the rows and from top to bottom along the columns; • for every i ∈ {1, . . . , ⌊ n 2 ⌋}, the two boxes of number i are adjacent, i.e., they belong to the same row, forming a horizontal domino i i , or to the same column, forming a vertical domino i i .
The domino tableau d induces a chain of Young diagrams 
This means that there is a unique maximal chain of Young diagrams which refines the chain written in (5), and this implies that there is a unique standard Young tableau τ (d) of shape λ such that
Comparing the definitions of Fl x,τ (V ) and Fl x,d (V ) and using the uniqueness of (b) Assume that n = 2m is even and x is of nilpotency order two, thus λ(x) = (2 k , 1 n−2k ), i.e., the Young diagram λ = λ(x) has two columns of sizes n − k and k, respectively. An example of domino tableau of shape λ is given by d n,k :=
For this domino tableau, we claim that
which is smooth. Note that K n,k is a closed subvariety of Fl x (V ), which is irreducible and smooth since the map (V 0 , . . . , V n ) → V m /Im x is a locally trivial fiber bundle of K n,k onto the Grassmannian variety {W ⊂ ker x/Im x : dim W = m − k}, whose fiber is isomorphic to the double flag variety Fl(K m ) × Fl(K m ). Hence, for showing (6) , it suffices to show the inclusion Fl 
The inclusion Fl
(c) Assume that n = 6 and λ(x) = (2, 2, 1, 1). Then
is an example of domino tableau for which the irreducible component Fl x,d (V ) of Fl x (V ) is singular (see Section 6).
Flag varieties and Springer fibers in classical cases.
Hereafter we assume that the space V = K n is endowed with a nondegenerate bilinear form ω which can be orthogonal or symplectic. Let G = G(V, ω) ⊂ SL n (K) be the subgroup of elements which preserve ω. Thus G is isomorphic to SO n (K) if ω is orthogonal, resp., to Sp n (K) if ω is symplectic (in which case n is necessarily even). In both cases, the Lie algebra g = g(V, ω) ⊂ sl n (K) consists of all endomorphisms of trace zero which are skew-adjoint with respect to ω.
A nilpotent element x ∈ g is then a nilpotent endomorphism of V which is skew-adjoint. Its Jordan form λ(x) = λ = (λ 1 , . . . , λ k ) satisfies (see [10, §1] ):
• in the case where ω is orthogonal: for every even number 2ℓ, the Young diagram λ has an even number of rows of length 2ℓ (i.e., |{i : λ i = 2ℓ}| is even);
• in the case where ω is symplectic: for every odd number 2ℓ + 1, the Young diagram λ has an even number of rows of length 2ℓ+1 (i.e., |{i : λ i = 2ℓ+1}| is even). We say that a partition λ (equivalently, a Young diagram) is ω-admissible whenever this parity condition holds.
Recall that B = G/B denotes the flag variety of G, where B ⊂ G is some (any) Borel subgroup, and B x ⊂ B is the Springer fiber associated to x (see Section 1.1). It is well known that B and B x can be viewed as varieties of isotropic complete flags, as follows (see, e.g., [10] for more details). Let σ = σ(ω) : Fl(V ) → Fl(V ) be the involution defined by letting 
The property of x of being skew-adjoint guarantees that Fl
Proposition 8. G = G(V, ω) acts on Fl(V, ω) in a natural way and for every F = (V 0 , . . . , V n ) ∈ Fl(V, ω) the subgroup {g ∈ G : gF = F } is a Borel subgroup of G. Moreover: (a) If n is odd or ω is symplectic, then Fl(V, ω) is G-homogeneous (in particular connected), hence isomorphic to B; this isomorphism restricts to a Z G (x)-equivariant isomorphism between the subvarieties Fl x (V, ω) and B x . (b) If n is even and ω is orthogonal, then Fl(V, ω) consists of exactly two Ghomogenenous connected components, which are thus both isomorphic to B; accordingly, Fl x (V, ω) splits into two connected components, both isomorphic to B x (through Z G (x)-equivariant isomorphisms).
Let us make the statement of Proposition 8 (b) slightly more precise. Assume that n = 2m is even and ω is orthogonal. For every (m − 1)-dimensional isotropic subspace W , there are exactly two Lagrangian subspaces which contain W (since it is so in the two-dimensional space W ⊥ /W endowed with the restriction of ω). This yields a well-defined involution ι : Fl(V, ω) → Fl(V, ω) given by
where V m is the unique Lagrangian subspace containing V m−1 (hence contained in
The map ι is in fact algebraic, G-equivariant, and it maps one connected component of Fl(V, ω) onto the other.
If the (m − 1)-dimensional isotropic subspace W is in addition stable by x, then so are the two Lagrangian subspaces which contain W (since the endomorphism induced by x on the subquotient W ⊥ /W is trivial). This observation shows that the subvariety Fl x (V, ω) is ι-stable, hence it intersects both connected components of Fl(V, ω).
Components of Springer fibers in classical cases.
The notation is as in Section 4.3. In this section, we recall from [11] the parametrization of the irreducible components of Fl x (V, ω) by so-called admissible domino tableaux. First note that, for every (V 0 , . . . , V n ) ∈ Fl x (V ), we have
hence the Jordan forms of x| Vn−i/Vi and x|
coincide for all i = 0, . . . , ⌊ n 2 ⌋, which ensures that the set Fl x,d (V ) is σ-stable whenever d is a domino tableau of shape λ = λ(x). We set
We say that a domino tableau d is ω-admissible if, for every i, the shape of the subtableau formed by the boxes of number ≤ i is an ω-admissible Young diagram, in the sense of Section 4.3.
For (V 0 , . . . , V n ) ∈ Fl x (V, ω) and every i, the nilpotent endomorphism x|
is skew-adjoint with respect to the form induced by ω on the subquotient
In fact, letting i run over {0, . . . , ⌊ n 2 ⌋}, we get a chain of ω-admissible Young diagrams
) and the ω-admissibility condition implies that any two consecutive diagrams in this chain differ by a couple of adjacent boxes. Hence there is a domino tableau d such that (V 0 , . . . , V n ) ∈ Fl x,d (V, ω). Therefore,
where the union is taken over all ω-admissible domino tableaux. The results in [11] are in fact much more precise: they include an explicit parametrization of the irreducible components of each Fl x,d (V, ω), in terms of some equivalence classes of so-called signed domino tableaux. In particular, the action of the group Z G (x) on this set of components is explicitly described (note that Fl x,d (V, ω) and so Fl x,d (V, ω) are Z G (x)-stable).
We also mention that a combinatorial parametrization of the orbital varieties of the nilpotent G-orbit O x in terms of domino tableaux is shown in [13] . This parametrization is somewhat different from the one in [11] (i.e., the correspondence of Proposition 1 does not match the two parametrizations) since it involves unsigned domino tableaux, which are not necessarily ω-admissible in the above sense. See also [15] for a comparison of these two parametrizations.
In light of the facts described in this section, we make the following conclusion: 
combined with Proposition 9 show that Fl x,d (V, ω) is a union of irreducible components of (Fl x,d (V )) σ . Hence the components of Fl x,d (V, ω) are pairwise disjoint and smooth.
As already noted, the subvariety Fl x,d (V, ω) (as well as its set of components) is
In the case where n is odd or ω is symplectic, condition (b) implies that Fl
In the case where n is even and ω is orthogonal, the variety Fl x (V, ω) itself consists of two Z G (x)-stable connected components C 1 and C 2 (see Proposition 8).
Moreover Fl x (V, ω) is endowed with the involution ι defined in (7) , which is such that ι(C 1 ) = C 2 . The definition of . In Section 4.4, we consider the following parity conditions for domino tableaux: (O) (resp., (S)): for every i and ℓ, the subtableau formed by the boxes of number ≤ i has an even number of rows of length 2ℓ (resp., 2ℓ + 1). In other words, d satisfies (O) (resp., (S)) if and only if it is ω-admissible for an orthogonal (resp., a symplectic) form ω, in the sense of Section 4.4. Proof. As above, we respectively denote by n 1 and ℓ 1 the number of boxes and the number of columns in
, where n(·, i, ℓ) stands for the number of rows of length ℓ in the subtableau formed by the boxes of number ≤ i. In the situation (a) of the statement, for every i ≥ 0 and every even integer ℓ, the number ℓ − ℓ 1 is odd (so in particular ℓ = ℓ 1 ), the numbers n(d 1 , i, ℓ) and n(d 2 , i − ⌊ As in Sections 4.3-4.4, the space V = K n is endowed with the form ω (orthogonal or symplectic), x ∈ g = g(V, ω) is a nilpotent element, i.e., a nilpotent endomorphism of V which is skew adjoint with respect to ω, and λ(x) ⊢ n stands for the Jordan form of x, seen as a Young diagram. In particular this Young diagram is ω-admissible, in the sense of Section 4.3. Here we construct an ω-admissible domino tableau d ω x of shape λ(x), that is, a domino tableau satisfying (O) if ω is orthogonal, respectively (S) if ω is symplectic.
ℓ be the lengths of the columns of λ(x). Up to adding a term λ * ℓ+1 equal to zero, we may assume that ℓ is odd when ω is orthogonal and ℓ is even when ω is symplectic (hence λ * Example 1 (a)-(b) and note that d n,k satisfies (S) whenever n is even and k ≥ 0 while d n,0 satisfies (O) for all n.
• First assume that ω is orthogonal. Thus ℓ is odd, say ℓ = 2k + 1. We view λ(x) as the juxtaposition of a diagram with one column of length λ * 1 and k diagrams with two columns of lengths (λ * 2 , λ * 3 ), . . . , (λ * 2k , λ * 2k+1 ), respectively. The ω-admissibility of λ(x) guarantees that λ * 2j − λ * 2j+1 and so λ * 2j + λ * 2j+1 are even for all j. Set (9) d
(note that the concatenation procedure is clearly associative whenever it is well defined). By Lemma 1, the domino tableau d ω x is ω-admissible.
• Next assume that ω is symplectic. Thus ℓ is even, say ℓ = 2k. Here we view λ(x) as the juxtaposition of k Young diagrams with two columns of lengths (λ * 1 , λ * 2 ), . . . , (λ * 2k−1 , λ * 2k ), respectively. Since λ(x) is ω-admissible, the numbers λ * 2j−1 − λ * 2j and λ * 2j−1 + λ * 2j are even for all j. Set (10) d
Lemma 1 ensures that the so-obtained domino tableau d ω x is ω-admissible.
Example 3. (a) Assume that ω is orthogonal and λ(x) = (5, 4 2 , 2 2 ) = .
We write λ(x) = + + and get d 
Proposition 12.
Assume that d is obtained as the concatenation of two domino tableaux d 1 and d 2 of sizes n 1 and n 2 , respectively (thus n = n 1 + n 2 ). Assume that n 2 = 2m 2 is even and that we have in fact d 2 = d n2,k2 for some k 2 ∈ {0, . . . , m 2 } (see Example 1 (a)-(b) ). Let x 1 ∈ sl n1 (K) be a nilpotent element whose Jordan form coincides with the shape of d 1 , so that d 1 gives rise to an irreducible component
(a) The following implication holds:
(b) More precisely, denoting by ℓ 1 the number of columns in d 1 , we have
and the map
is a well-defined, algebraic, locally trivial fiber bundle, whose typical fiber is isomorphic to
The proof (given below) relies on the following lemma.
Lemma 2. Assume that d is obtained as the concatenation of two domino tableaux d 1 and d 2 of sizes n 1 and n 2 , respectively (thus n = n 1 +n 2 ). Assume that n 2 = 2m 2 is even.
(a) Let ℓ 1 be the number of columns in
we have
Hence, letting
is well defined (and algebraic). (b) The Jordan form of x 2 coincides with the shape of the domino tableau d 2 , which gives rise to the subset Fl x2,d2 (Im
and so
induced by x (which depends on F ). Then, the Jordan form of x 1 coincides with the shape of d 1 , which gives rise to the subset Fl x1,d1 (W (F )) ⊂ Fl x1 (W (F )); and in fact, for every (W 0 , . . . , W n1 ) ∈ Fl x1,d1 (W (F )), the element
, where π = π(F ) stands for the natural surjection π :
In the proof of Lemma 2, we use the following basic fact of linear algebra.
Lemma 3. Let x : V → V be a nilpotent endomorphism, whose Jordan form λ(x) is seen as a Young diagram. Let λ 1 be the subdiagram formed by the first ℓ 1 columns of λ(x) and let λ 2 be the subdiagram formed by the remaining columns, so that λ(x) = λ 1 + λ 2 (with the notation of Section 5.1). Then, for every x-stable subspace M ⊂ Im x ℓ1 , we have
where
ℓ1 are the nilpotent maps induced by x.
Proof of Lemma 3. For every k ≥ 1, the length of the k-th column of λ(x) coincides with the dimension of ker
By construction x ℓ1 1 = 0, hence λ(x 1 ) has (at most) ℓ 1 columns. Moreover, for every k ∈ {1, . . . , ℓ 1 }, since M ⊂ Im x ℓ1 ⊂ Im x k , we have an isomorphism
Proof of Lemma 2. 
Since (11) is a closed relation, it holds more generally whenever (V 0 , . . . , V n ) ∈ Fl x,d (V ). Then, the rank formula applied to the map x ℓ1 : V n−m2 → V m2 yields
This forces dim V m2 = dim x ℓ1 (V n−m2 ) and V n−m2 ∩ ker x ℓ1 = ker x ℓ1 . In view of (11), we conclude that 
induced by x. On the one hand, by definition of Fl x,d (V ), the Jordan form λ(x| Vn−i/Vi ) coincides with the shape λ
is obtained by juxtaposing the shape of d 1 (consisting of ℓ 1 columns) and the shape λ m2−i (d 2 ) of the subtableau of d 2 formed by the numbers ≤ m 2 − i. On the other hand, we see that
hence x| x ℓ 1 (Vn−i)/Vi is the restriction of x| Vn−i/Vi to Im (x| Vn−i/Vi ) ℓ1 , which implies (by Lemma 3) that the Jordan form λ(x| x ℓ 1 (Vn−i)/Vi ) is the Young diagram obtained from λ(x| Vn−i/Vi ) by removing the first ℓ 1 columns. Altogether, this yields
Therefore, we have shown:
(c) It follows from Lemma 3, applied to M = V m2 , that λ(x 1 ) coincides with the diagram formed by the first ℓ 1 columns of λ(x), i.e., the shape of d 1 . Let (W 0 , . . . , W n1 ) ∈ Fl x1,d1 (W (F )), and let us consider the element
for all i ∈ {1, . . . , m 2 }. In addition, for every i ∈ {1, . . . , n 1 }, the x 1 -stability of W i guarantees that π −1 (W i ) is x-stable, while for every i ∈ {1, . . . , m 2 }, the x-stability of V m2+i implies that (
For every i ∈ {0, . . . , 
(the last equality in (12) follows from the assumption that
Next, let i ∈ {0, . . . , m 2 }, and let us consider the nilpotent endomorphism
induced by x. We have
The fact that (V 0 , . . . , V n2 ) ∈ Fl x2,d2 (Im x ℓ1 ) and Lemma 3 (applied with M = V i ) respectively imply
and λ(x i | kerx
where λ 1 stands for the diagram formed by the first ℓ 1 columns of λ(x), that is, the shape of
. Invoking again Lemma 3, we deduce that the diagram λ(x i ) is obtained by juxtaposing the diagrams λ 1 and λ
Combining (12) and (13), we conclude thatF ∈ Fl x,d (V ).
Proof of Proposition 12. Clearly, it is sufficient to show part (b) of the statement. Let x 2 = x| Im x ℓ 1 . Lemma 2 (b) and Example 1 (a)-(b) imply that
. Note also that dim Im x ℓ1+1 = rank x 2 = k 2 . This guarantees that the map Θ is well defined and algebraic.
The group SL(M ) embeds in Z G (x) in a natural way (see, e.g., [3, Chapter 6] ), so that Θ is in fact SL(M )-equivariant. In addition, the action of SL(M ) on Gr m2−k2 (M ) is transitive and, by Bruhat's lemma, for every L ∈ Gr m2−k2 (M ), there is a closed subset U = U (L) ⊂ SL(M ) (in fact, a unipotent subgroup) such that the map
is an open immersion. Then, the map
We have shown that Θ is locally trivial. It remains to determine the fiber Θ −1 (L) for a given L ∈ Gr m2−k2 (M ). In other words, L can be viewed as an m 2 -dimensional space such that
The set
is a closed subvariety of Fl(V ) and, by Lemma 2 (a), we have
Note that there is a natural isomorphism
. This observation, combined with Lemma 2 (c), the description of Fl x2,d2 (Im x ℓ1 ) (with d 2 = d n2,k2 ) given in (6) , and (14) , yields the inclusion Invoking the equidimensionality of Fl x (V ), formula (3), and the fact that the Jordan form λ(x) is obtained by juxtaposing λ(x 1 ) and λ(x 2 ) (see Lemma 2), we have
Therefore, equality holds in (15) . The proof is complete.
Whenever (V 0 , . . . , V 6 ) ∈ Z 1 ∪ Z 2 ∪ Z 3 , the subspaces V 1 , V 2 , V 3 are clearly x-stable, and since x is skew adjoint, V 4 (= V ⊥ 2 ) and V 5 (= V ⊥ 1 ) are x-stable as well. Thus Z 1 , Z 2 , Z 3 are subsets of Fl x (V, ω).
Since the domino tableau d 1 coincides with the tableau d 6,2 of Example 1 (b), the inclusion Fl x,d1 (V, ω) ⊂ Z 1 follows from relation (6) . The inclusion Fl x,d2 (V, ω) ⊂ Z 2 follows from the definition of Fl x,d2 (V, ω) (note that the condition x(V 5 ) ⊂ V 1 is equivalent to saying that the nilpotent endomorphism x| V5/V1 induced by x has Jordan form (1, 1, 1, 1) ). Finally, for every (V 0 , . . . , V 6 ) ∈ Fl x,d3 (V, ω), we must have x(V 4 ) ⊂ V 2 (since x| V4/V2 has Jordan form (1, 1)) and V 2 ⊂ ker x (since x(V 2 ) ⊂ V 1 ∩ Im x = 0 where the last equality follows from the fact that rank x| V5/V1 = rank x = 2); whence Fl x,d3 (V, ω) ⊂ Z 3 . Altogether we get the inclusions (17) Fl x,di (V, ω) ⊂ Z i for all i ∈ {1, 2, 3}
and thereby (invoking (8))
For describing the structure of Z 1 , Z 2 , and Z 3 , we need more notation. By (16), the subspace Im x is endowed with a well-defined orthogonal form χ given by χ(x(v 1 ), x(v 2 )) = ω(v 1 , x(v 2 )) whenever v 1 , v 2 ∈ V .
Since the space Im x is 2-dimensional, it contains exactly two χ-isotropic lines L 1 and L 2 . In addition (19) L
It can also be seen that (20) there is an involutive element h ∈ Z G (x) such that h(L 1 ) = L 2 (more generally, the orthogonal group O(Im x, χ) embeds in Z G (x); see, e.g., [3, Chapter 6] ). For i ∈ {1, 2}, let
Using (19) , it is easy to see that Z 2 = Z 2,1 ∪ Z 2,2 and Z 3 = Z 3,1 ∪ Z 3,2 , hence (by (18)) Fl x (V, ω) = Z 1 ∪ Z 2,1 ∪ Z 2,2 ∪ Z 3,1 ∪ Z 3,2 .
The map Z 1 → P(ker x/Im x) ∼ = P 1 (K), (V 0 , . . . , V 6 ) → V 3 /Im x is a locally trivial fiber bundle of fiber isomorphic to Fl(K 3 ). For i ∈ {1, 2}, the subvariety Z 2,i is isomorphic to the flag variety Fl(L ⊥ i /L i , ω) in a natural way. In the same way, for i ∈ {1, 2}, the map Z 3,i → P(ker x/L i ) ∼ = P 2 (K), (V 0 , . . . , V 6 ) → V 2 /L i is a locally trivial fiber bundle of typical fiber P(V 2 ) × P(V ⊥ 2 /V 2 ) ∼ = P 1 (K) × P 1 (K). Altogether we have shown that Z 1 , Z 2,i , Z 3,i (i ∈ {1, 2}) are smooth, irreducible, 4-dimensional subvarieties of Fl x (V, ω). We conclude that Z 1 , Z 2,1 , Z 2,2 , Z 3,1 , Z 3,2 are the irreducible components of Fl x (V, ω), all of them are smooth.
Since Fl x,di (V, ω) (for i ∈ {1, 2, 3}) are unions of irreducible components of Fl x (V, ω), the inclusions in (17) yield in fact (21) Fl x,d1 (V, ω) = Z 1 , Fl x,d2 (V, ω) = Z 2,1 ∪ Z 2,2 , Fl x,d3 (V, ω) = Z 3,1 ∪ Z 3,2 .
The first equality in (21) implies part (a) of the proposition. The second equality, combined with the observation that h(Z 2,1 ) = Z 2,2 (with h in (20)) and Z 2,1 ∩Z 2,2 = ∅, yields part (b) of the proposition. Finally, part (c) of the statement is implied by the last equality in (21), combined with the observation that h(Z 3,1 ) = Z 3,2 and Remark 6. (a) The number of irreducible components contained in each subvariety Fl x,di (V, ω) (i ∈ {1, 2, 3}) and the action of A x on the set of components can also be deduced from the results in [11] . Moreover, the type A components Fl x,d1 (V ) and Fl x,d2 (V ) are smooth (by Example 1 and Proposition 12 (a)), which implies that the varieties Fl x,d1 (V, ω) and Fl x,d2 (V, ω) are smooth (see the proof of Proposition 10). Proposition 13 (a)-(b) also follows from these observations. (b) The singularity of the type A component Fl x,d3 (V ), stated in Proposition 13 (c), is well known: it is already stated and shown in [17] and [19] . The novelty lies in our argument for showing the singularity of this component, which relies on the topology of type C components.
